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1. INTR 0D1 CTI~ N

This paper p resen t s  nomograms fo r  the desi gn of s ingle  samp le

rel iabi l i ty acceptance tests for exponential failure distribution given

by:

f ( t~~G ) 1 s  
è~e~

t / O  ; t > 0 , £ > 0 (1)

where t denotes the t ime to failue and 0 is the mean t ime between

fa i lu re s  (M TBF) .  The nomograms are app l icab le  when accept/reject decisions

are to be made regarding a sequence of systems or a sequence of lots. It is

assumed that the decisisons are based upon data subject to random fluctuations .

that  a d e f i n i t e  measure  of lOSS is associated wi th  each of the  decisions

where they are i n a p p r o p r i a t e l y  taken and t ha t  each lot or system is

sentenced on i t s  own m e r i t  w i thou t  regard  to the  previous decisions .

Single sample tes ts  for  lots or system s may be truncated or censored.

A lot consists of a large number of components f rom which c- d y a small

samp le is usually l i f e  tested . Each repairable  system is presumed to be

i’ i n d i v i d ua l ly  tes ted .  In a t runcated  tes t , a system (or a random sample

of n i t em s  from the lo t )  is l i f e  tested for  d u r a t i o n  I (or t ) .  If the

observed number of f a i l u r e s  r is less than or equal  to the accep tan e number

r*, the system ( lot)  Is accepted . Otherwise , it is r e j e c t e d .  In cLosor ed

test ing,  the l i f e  test is continued t i l l  exactly r ’ f a i lu res  occur .  If

the to ta l  test  time is greater  than T ’ , the decision is to accep t .  Other-

wise , the decision is to r e j e c t .  For the case of a lot , t e s t i ng  may be done

with replacement , where  the fa i l ed  items are immedia te ly  rep laced  or w i t h o u t

replacement  where  the  f a i l e d  1tea ~ are not  r e p l a c e d  For -i s i ng l e  ~- v s t , -m

t es t ing  w i t h o u t  rep lacement  is not  p o s s i b l e .  The v a r i o u s  ‘t a n s  de8i r I b L ’d

1
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above arc i n t e r r e l a t e d  such t h a t  if one plan is known , others  can be

readily obtained.  There fore , in the fo l lowing,  we consider the design of

a single sample truncated plan for a system .

The plans are designed to distinguish between two values of 0, namely ,

the minimum acceptable value 0
1 
and the specified value 0~ . The risks

associated with the reject/accept decisions when they are inappropriately

taken are called the producer ’s risk aid the consumer ’s risk and are

respec tively defined as

P(Rje~ 0o~ 
(2)

and P(AI8~ ~~ ~

where R denotes rejection and A denotes acceptance. Typically a and ~

are assigned small numer ical values.

Conventional Design: We now consider the conventional design of a single

sample truncated plan for a system where the design parameters are the

test time T and the acceptance number r*. Since the time to failure is

exponential , the observed number of fa i lures  r in f ixed time I has a

Poisson distribution , i.e.

—T/e r
f(rIO)= 

e 
r~

(TiO) (4)

The producer ’s and consumer ’s r isk can be writt en as

r e
_Tl’O ocr/e3)~

’ (5)
z , ~~ l — a , and

r—3 r .

2
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Given (01, 90,cs,B), equations (5) and (6) can be simultaneously solved

to obtain T and r*.

Individual specification of and -

~~~~ 
is not necessary. Let the

discrimination ration K= 
~
?U/:l 

and let T*~ TIe o
. Then ,

r* _T* r
v e (1*) 

—, — — 0
r~ 0 r .

r* e
_KT*

(KT *)rand , (~ )
r .

r’~O

Given (K ,a ,~~) the above two equations can be solved to obtain 1* anu r*.

Clearly, plans with identical 
~~

/0
~ 

have the same 1* and r* values. Given

the specified value , the actual test time is obtained as T~ ~0
T*.

Convent iona l ly,  the equations are solved numerically or by using table’s

of cumulative Poisson probabilities. For various numerical values of ~~,

and K , the solutions are tabulated in standards such as 781 3 L2l.

Purpose and Scope : The convsntional approach merely provides a designed

plan for  spec if ied (K ,cc,~~). It does not easily lend itself to an

examination of alternative solutions and the implications of K ,’i,~34
on T~ and r~ . The study reported here was motivated by a desire to
provide a tool to the practicing engineer to help arrive at a meaning ful

test plan under various pr .4ctlcal situations. We first present a

graphical proceoure which pet-c-its an expicration of the design region

1

t
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- leading to the preparation of tables summarizing the region of interest.

These alternatives serve as a guide to consider the trade—offs between a ,

8, K , 1* and r
t. The appl ication of the graphical procedure to situations

of practical interest is illustrated via several examples.

4
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2. GR_APHICA!. p R cEfl~ gF

The graphical p r o c e d t a :c  co n si st s  of d r a w i n g  c & - n r c~’-s of con s t a n t  -m

and B in the (T*_r*) plane . The contours are obtained as follows . For

given values of T*, r* and K , equations ( 7 )  and (8)  can be used to ch t c i n

a and B. F ez - a cons tan t  K , i ~- r l d  of T*, r * values  is c o n s t r u c t e d  to

cover appropriate ranges of 1* and r~~. The va lues  of ~ and £ are evalua ted

at each of the grid points and contours cf constant -~~ and constant £

are drawn by parabolic interpolation. For specified K , x ,~~ these contours

can be used to design and evaluate the test p lans .

Eig ht values of discrim ination ratio are considered to cove r the

useful range K 1.5 (0.5)5. The corresponding nornogcuz-c. aa -~ given in

Figures 1 to 8. For each notcogram , the range of T and r ~‘alues is

appropriately chosen to include the region of interest . The contours are

p lot ted  fo r  several  p r a c t i c a l l y  u s e f u l  va lues  of a and It is easily

observed from equations (7) and (8) that a change in K changes ~ but has

no influence on o. Hence the contours of ths producer ’s risk are identlcai

for all eight nomograms , except for the changes in scale and range of

values.

We now present several examples to show the important features of

the grap hical procedure. Specifically, the examples illustr ate (a) design

of single samplc plan , (b) exploration of the design region , (c) sensitivity

of the 1* and r * va lues  to changes in o , E and K , (d) design w i t h  e n g i n e e r i r a a

constraints , and (e) design with partial information.

5
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3.1 Example 1: Desi gn

A single sample f ixed  time acceptance plan is to be obtained for

K 3 , a< 0.05 and £ < 0.05. For th i s  d iscr iminat ion rat io , we use

Figure 4 and consider the contours fo r  ci = 0.05 and B = 0.05. The point

of intersect ion of these contours is between the r * = 8 and r* 9 lines

slight ly  to the right  of T* = 5. The triangular area enclosed by ci .05

and 8 .05 lines rep rese taL s  the so lu t ion  reg ion  w i t h i n  which the require-

ments ci < 0.05 and B < 0.05 are met. Since r* can take only integer valut s,

* * . * *the plan wi th  smallest r and I is r 9 , 1 5.25.  For this  plan ,

ci 0.05 and 8 0.04 . If we want to keep the prod ucer ’s risk at ci = 0. 115 ,

then the required plan is r* 9, T* = 5.45 for which B = 0.04. Thus the

two choices are:

. ci 0.05, r* = 9, T* = 5.45 , B = 0.04, and

B 0.05, r* = q , T* 5.25, ci 0.04 .

3.2 Example 2: E x p l o r a t i o n  of the Design Region

An important  advan tage  of the grap hical procedure is tha t  it permits

and exp lora t ion  of the (T *_ r *) plane in the region of Interest. For the

cri ter ia  in Example 1, p lans w i t h  ci 0.05 and B < 0.05 can be obta ined

by considering the a = 0.05 contour  as fol lows :

Plan No. cc r* 1* B

1 0.05 9 5.45 0.040

2 0.05 10 6.20 0.025

3 0.05 11 6.95 0.015

4 0.05 12 7.70 G 09

6
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• Plans fur w h1~~h -~ = I (~.05 arc :

rt -~~~~~~~~

5 0.05 9 5.25 0.040

6 0.05 10 5.65 0.030

7 0 .05  11 6 .10 0 . 0 2 2

8 0.05 12 6.50 0.016

Some plans outs ide  the solution reg ion which require less testing and

come close to satisf ying the risks are:

* *Plan No . r I a B

9 8 -~.7O 0.05 0.062

10 8 4.85 0.06 0.05

Il 7 4.00 0.05 0.09

12 7 4.40 0.075 0.05

It is easil y observed that when cc is kept constant , an increase in

implies an increase  in T* and a decrease in r e su l t i ng  in an increased

p ro t ec t i on  to the  consumer.  For cons tan t  :, the  t est t ime  increases as

r * increases  and ci reduces  wh ich  r e s u l t s  in ac. added p ro tec t ion  to the

producer .  In e i t h e r  case , th e added p r o t e c - t i o c  is ob ta ined  a~ the ex pense

of increased testing c ’st. Sim ilarly, testing cost can be reduced at the

expense of added r t ks by c o n s i d e r i n g  po in t s  ou t s ide  t h e  so lu t ion  r e g i o n .

Such an e x p l o r a t i o n  of t h e  r eg ion  of i n t e r e s t  provides a vehic le  f o r

choosing a p lan  based on a c o m b i n a t i o n  of desired r i sks  and tes t ing Cos ts .

3.3 
~~~~~~~~
The nomograrz-s can be used t o  determine how sensitive the normalized

test t ime 1* and accep~ mce number r* arc to changes in u , ~3 and K. The

7
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following table is cons t ruc ted  by us ing  Figures  -. arid 6.

Plan No. K I

1 ci = 0.05 , < 0.05 3 9 5.4s

- ‘ 
2 — 0.025 , < 0.05 3 11 5. 70

3 • 0.05. ‘z 0.05 1 9 5.25

4 — 0.25. 0.05 3 10 6.15

S a • 0.05. 8 0.05 -. 3 2.05

Comparing plans I and 2 , p roducer ’ s r i s k  ~an b e reduced to  half b1

a 4.6% increase in T~~. Si z -~~la r l y ,  r r  -r 1 l ana  3 and • . t h e  — .~n-,Lma- r ’s rl.s

can be reduced to hair by a l7~ increase .n test time . Ar toc rea- .- to

the discriminatlco c - a z - i ;  leads a cccs~ J, r- a - - 1 . -  ‘ .- - t i - - n  ~n Y~ 
a ;

This is expected s ince less t e s t i n g  sh -;ald te c ai l e d f - r  a z I . - I t ; - ’ I~~c

between values of ~ f a r t h e r  a p a r t .

The e f f e c t  of change in K needs f u r t h e r  s cr u t l o - c . ~et  -y be 1200 .

Then plans 1 and 5 can be wr i t t en  as:

* *
~~

1(a) ci 0 .05 , 8 • 0.04 < 0.05 1200 ; o ja ~ 9 5 . = 5

5(s) ci — 0.05 , ~ — 0 . 0 4 < 0 . 0 5  1200 300 3 2 .05

6 ci — 0.05 , $ 0.14 1200 400 3 2 .05

* *
Plan 6 is obtained from Figure 4 corresponding to r — 3 , 1 2.05 and

*
8i 

— 400. Plans 5 and 6 are identical since they have the same I and r*.

Therefore , the effect of an increase in K is the same as that of an incra-ase

in the consumer ’s risk keeping the producer ’s risk constant .

3.4 Example 4: Design with Engineering Cons t ra in ts

Often engineering considerations will necessitate constraints on th-

allowable I and r . For example , the cost o f test ing or the amoun t of

8
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a

• available test time may require that  T~ be less than or equal to som’

pre—specified value. Similarly , the number of available equipments or the

cost of repair may dictate limitation on r*. In either case, the graphical

procedure allows the determination of suitable sampling plans.

(a) Let us suppose tha t T~ < 4 and K • 3. Let the desired criteria be

a • B < 0.05. The restriction on T* implies that the criteria may or may

not be met in practice. If the criteria are not met , various alternatives

may be presented as follows .

Referring to Figure 4, the feas ib le reg ion lies to the lef t of

1* 4 line. Since the point of intersection of ci 0.05 and B 0.05

contours is to the right of 1* = 4, the specified criteria cannot be met.

We now explore the triangular region enclosed by a = 0.10 , 8 = 0.10

and T* • 4 lines. Such an exploration ensures that none of the risks

exceed 0.10. Some feasible plans are:

* *Plan No. r I ci B

1 7 4.0 0.050 0.090

2 6 3.5 0.065 0.100

3 6 3 .7  0.080 0.080

4 6 3.9 0.100 0.055

‘I 5 5 3. 1 0.095 0.095

From the viewpoint of risks, plan 2 is inferior to plan 1 and plan 5 is

inferior to plan 3. The choice lies between plans 1, 3 and 4.

1
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(b) Suppose that a maximum of 5 faIlures are allowed . 1* is not

restr ic ted , K = 3 and the desired risks tare a — 8 0.10. [‘his sp e c i f i - a t i o n

corresponds to a censored plan with r* - 5. From Goel and Jog leka r [ i i ,

the corresponding t runcated p lan has r * < 4.

Referring to the nomogram for  K = 3 , it is observed t hat  the des ired

criteria cannot be met .  To obtain a suitable p lan , the triangular region

bounded by a = 0.15 , $ = 0.15 and r* = 4 is explored as fo l lows .

* *Plan No. r T a B

1 4 2.40 0.10 0.15

2 4 2.55 0.12 0.11

3 4 2.70 0.15 0.07

4 3 2.00 0.15 0.15

A suitable plan can be chosen by a joint consideration of risks and test

cr iter ia . If plan 2 is selected , the corresponding censored p lan is

r* 5, 1* 2.55.

3.5 Example 5: Design wi th  Par t ia l  Informat ion

In some cases , the producer may be able to specif iy a numerical

value for cx but the consumer may not be able to specif y a numer ica l  val ce

for B and vice—versa. For illustration , let ci < 0.05 and K 3, Then - c

set of alternatives may be presented as follows

I
I

1 10
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1 0.15 2 1.35 0.23

2 0.15 3 2.05 0.14

3 0.15 4 2.80 0.08

4 0.15 5 3.60 0.045

5 0.15 6 4 . 3 5  0 .025

6 0.15 7 5 .20  0.015

A suitable  plan can be selected b y cons ider in g  the l i m i ta t i o n s  on t e s t i n g .

4.  C0NC L~JDINC _ REMARK S

The nomograms given in this paper can be used to desi~ -; all toe S I X

types of sing le sample p lans described earlier by uslog the interrelati - nshi ps

developed in Goel and Jogleka r [i] . For the design criteria in Example 1,

the six plans are:

Truncated Plan for a Sy s t em :  T* = 5.25, r* = 9

Censored Plan for a Systen: T* = 5 . 2 5 , r* 10

Truncated Plan  for  a Lot Wi th  Replacement : n 20 , t
0~ 

= 0.26 , r~ = 9

Censored Plan for a Lot With Replacement : n 20 , 1* = 5 I5 = 10

Truncated Plan for a Lot Without Replacement: n 20, t
0~ = 0.35, r* 9

Censored Plan  f o r  a Lot W i t h o u t  Rep lacement : n 20 , 1* = 5 .25 , r* 10

The same graph i~-al procedure  is app l icable  fo r  the  d e s :g n  of s ingle

sample plans when c is a random variable. For a detailed d -scri ption

of the various risk criteria that arise in t h i s  s i t u a t i o n  as wel l  as p 1 n

design the  reader Is r e f e r r e d  to Coel and Jog lekar LI] .

11
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ML’rRICSYST~~i

BASE U NITS .

Q~aantat~ - - Und 
-- 

S~~i~~~ L

length metre m
mass kilogram kg - -

time secon d $ - -

elec tric cu,Tent ampere A --

thermodynamic temperature kr- han K
amount of substance rt.ole trio!
luminous Intensity candela cd

SUPPLEM ENTARY UNiTS

plane angle radian rid - -

solid angle ateradian Sr

DERIVU) UNITS:

Acceleration metre per tecond squar ed . rn/s

act ivity (of a radioactive sourcel disintegrat ion per 5e Ofld - (disintegr.ttonVs

angular accelera ti o n radian per w oi l sq iai~-d red/s
- : angular velocity radian per sr- i ond rad t

area square me tre m
density kilogram per cubic metre kgim
elec tric capaci tance farad F A-s/V
electrical condu ctan ce siemens S A-/V
electric field ,t :ength volt per metre Vfm
electr ic inductance henry H V-I A
electric potent ial difference volt V W IA
electric resistance ohm V/ A
electromotive for c e volt V WIA
energy oule I N.m
entropy oule per kelvin (‘K
force newlon N kg- vm s
frequency hettz H~ IcYclel ’s
illuminance lux lx lnvm
luminance candela per square metre - cd/rn
luminous flux lumen fan cd ii
magnetic field strength ampere per metre - - -  Alan

4 magnetic flux - weber Wb V-i
magnetic flux density te s t s I W~ m
magnetomoti ve force ampere A
power watt W Ii

pressure pasca l Pa Nm
quantity of electricity coulomb C A..
quantity of heat joule N.m
radiant intensity watt per a eradian -- WJar
specl(ic heat joule per kilogram-k e lvin I/kg-K
stress pascal Pa Nim
thermal conductivi ty watt p.r metre kelvin W/m-K
veloctty metre per second ma
viscosity , dynamic pascal-second Ps-a
viscos ity, kinematic square metre per sea-end rn/a
voltage volt V WIA

— volume cubic metre m
wavenumber reciproca l metre - lwaveVtT%
work oule N-rn

St”PRE~’D(E.S:

_ Multzp lo ation ~~~s - - ri Prefis SI Symbo l

1 000 0011 000 000 = tn _ i  ta,ra
1 000 OttO OOti • t t t ’  giga

1 000 ooo - - to. meg. M
1 000 — 10’ kilo k

ioo~ io~ h.cto~ h
to - to deka~ da

d.cl~ d

t OO t  1( 1 ,e ntt a

000 1 = tU ’ mliii m
tJ 000 00 t -‘ 10 • micro

0(5th (tOll Oflt t i t ’ nano n
0 900 (NaI l (Cli , 11111 - t O p110

0 000 OOl t 004 -) lMt t) iii t a t  - ‘ femlo
0 000 000 0 0 t t t s l t ) t $ i i ) 0 ( t t  lii -. alto a

To be avoided where pa*.ihl.-

.IJS Gov (NNMrNT PeiNTtNG OeFICI il l-r i , -ass i t s
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